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Nonclassicality of temporal correlations pertaining to non-commutative sequential measurements is defined
through the violation of macrorealistic inequalities, known as Leggett-Garg inequalities (LGI). We investigate
the energy cost of the process associated with the Leggett-Garg test in the context of noiseless and Markovian
noise for arbitrary initial states. We prove that in the noiseless and certain noisy scenarios, the maximal viola-
tions of LGI under the energy constraint occurs when the average energy of the process is equal to the negative
of the energy of the initial state. Such a dependence of LGI on the choice of the initial state is not seen in the
unconstrained case. Moreover, we find that in presence of a moderate amount of Markovian noise, the amount
of violation of LGI remains almost unaltered with suitable choice of the evolution and dephasing operators in
the neighborhood of the maximal violation line, thereby showing the robustness of temporal correlations under
environmental effects.
I. INTRODUCTION
In quantum theoretic description of nature, correlation be-
tween measurement outcomes arises in various ways. Com-
patible measurements performed on spatially separated sys-
tems lead to spatial correlation, violating Bell’s inequality
[1, 2] while sequential measurements on a single system give
rise to temporal correlation. Such correlation pertaining to
commuting sequential measurements can not be described by
non-contextual model, revealing contextual nature of quan-
tum theory when dimension of the system becomes greater
than or equal to three [3, 4]. On the other hand, sequen-
tial non-commuting measurements on a single quantum sys-
tem yields temporal correlations which are incompatible with
macroscopic realism and noninvasive measurability [5], lead-
ing to the violation of macrorealistic models. Based on these
assumptions, which are compatible with classical physics, one
can derive an inequality, known as Leggett-Garg inequality
(LGI), which is violated by nonclassical temporal correlations
[5, 6].
Violation of LGI by quantum mechanical systems was first
demonstrated in the laboratory by employing superconducting
qubits [7] (see also [6, 8–13] for other experiments and exper-
imental proposals). Since then, such studies, which include
generalizations of the original Leggett-Garg (LG) test [14–
23], inequivalent necessary conditions for macrorealistic theo-
ries like no signaling in time [24], entropic LGI [25], Wigner’s
form of LGI [26] have been carried out. Initial motivation of
examining LGI was to address a perennial question of prob-
ing quantum superposition for macroscopic objects and there-
fore to relate it with the problem of quantum-classical transi-
tion. Apart from the fundamental importance, nonclassicality
of temporal correlations has also been employed in various
information processing tasks. For example, contextuality of
quantum theory has applications in quantum key distribution
protocol [27, 28]. Recently it has been shown that sequen-
tial transformation contextuality can be probed using single
qubit systems and has application in quantum computing of
non-linear functions [29]. Nonclassical temporal correlation
revealed through violation of LGI has been employed in quan-
tum computation [30], device independent randomness gener-
ation [31] and secure key distribution [32], thereby showing
its significance as important resource.
In reality, every physical process is performed within the
realm of limited resources. For example, it is known that clas-
sical capacity [33, 34] of a noiseless quantum channel [35] can
be infinite for infinite-dimensional system, such as for bosonic
channels [35–37]. To overcome such nonphysical situation of
infinite capacity, one requires to optimize the capacity under
energy constraint. Moreover, in infinite-dimensional pure sys-
tem, the average energy constraint is also related to the conti-
nuity property of the entanglement measure [38, 39], as quan-
tified by the local von Neumann entropy. Specifically, without
the energy constraint, one can find that there exists states hav-
ing infinite entropy of entanglement which are close to the
pure product states with vanishing entanglement. One can
circumvent such discontinuity by imposing additional con-
straints like bounded mean energy of the state [38]. Such
bridge between correlation and energy have also recently been
explored in finite dimensional systems [40–46].
The present work aims to establish a connection between
the thermodynamics, via energy considerations, and macro-
realism, by employing LGI – we call it as “canonical LGI”.
Specifically, we ask the following question: For a given
amount of energy available in the system, how much viola-
tion of LGI can be obtained by choosing suitable measure-
ment strategies and dynamics? To this end, we find that al-
though LGI is independent of initial state, the maximal viola-
tion of LGI for a given energy cost depends upon the initial
state in noiseless as well as in noisy scenarios. In particular,
we prove that maximal violation of three-termed LGI occurs
if and only if the energy cost is the negative of the average en-
ergy of the initial state. Motivated by practical situations, we
then consider scenarios where evolution is affected by dephas-
ing Markovian noise described by Lindblad master equations.
In this situation, we consider a few paradigmatic models with
arbitrary pure and mixed states as initial ones – (i) the dephas-
ing operator and the evolving Hamiltonian are diagonal in the
same basis, (ii) they are in complementary bases, and (iii) they
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|µ?(✓, )i<latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit>
|µ?(✓, )i<latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit><latexit sha1_base64="RK30/5n3erL34s4ItXqX/v 8bRAU=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCBAm7Iqi3gBePEcwDsjHMTjrJkNndYaZXCEuO/oY/4FX/wJt 4FfwBv8PJ46CJBQ1FVTfdXYGSwqDrfjmZpeWV1bXsem5jc2t7J7+7VzNxojlUeSxj3QiYASkiqKJACQ2lgYWBhHo wuB779QfQRsTRHQ4VtELWi0RXcIZWaucP/QFg6ofJfeor0GpU9LEPyE6pr/riZNTOF9ySOwFdJN6MFMgMlXb+2+ /EPAkhQi6ZMU3PVdhKmUbBJYxyfmJAMT5gPWhaGrEQTCudPDKix1bp0G6sbUVIJ+rviZSFxgzDwHaGDPtm3huL/ 3qBZvbPue3YvWylIlIJQsSny7uJpBjTcVK0IzRwlENLGNfC3k95n2nG0eaZs8F48zEsktpZyXNL3u15oXw1iyhL DsgRKRKPXJAyuSEVUiWcPJJn8kJenSfnzXl3PqatGWc2s0/+wPn8Ad2Dois=</latexit>
 EM1
<latexit sha1_base64="C8PwQUJO6MRDda7dE/0yy jnVJnc=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIoO4CKrgRIpgPJOPQ03mTNOn50P1GCENO4AXc6g3 ciVtP4QU8h51kFppY8KCoeo96lJ9IodG2v6zC0vLK6lpxvbSxubW9U97da+o4VRwaPJaxavtMgxQRNFCghHa igIW+hJY/vJz4rUdQWsTRPY4ScEPWj0QgOEMjPXSvQCKj11526zljr1yxq/YUdJE4OamQHHWv/N3txTwNIUI umdYdx07QzZhCwSWMS91UQ8L4kPWhY2jEQtBuNv16TI+M0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJD wLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP+UD5hiHE15JVOMM1/DImmeVB276tydVmoXeUVFckAO yTFxyBmpkRtSJw3CiSLP5IW8Wk/Wm/VufcxWC1Z+s0/+wPr8ARNNmkQ=</latexit><latexit sha1_base64="C8PwQUJO6MRDda7dE/0yy jnVJnc=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIoO4CKrgRIpgPJOPQ03mTNOn50P1GCENO4AXc6g3 ciVtP4QU8h51kFppY8KCoeo96lJ9IodG2v6zC0vLK6lpxvbSxubW9U97da+o4VRwaPJaxavtMgxQRNFCghHa igIW+hJY/vJz4rUdQWsTRPY4ScEPWj0QgOEMjPXSvQCKj11526zljr1yxq/YUdJE4OamQHHWv/N3txTwNIUI umdYdx07QzZhCwSWMS91UQ8L4kPWhY2jEQtBuNv16TI+M0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJD wLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP+UD5hiHE15JVOMM1/DImmeVB276tydVmoXeUVFckAO yTFxyBmpkRtSJw3CiSLP5IW8Wk/Wm/VufcxWC1Z+s0/+wPr8ARNNmkQ=</latexit><latexit sha1_base64="C8PwQUJO6MRDda7dE/0yy jnVJnc=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIoO4CKrgRIpgPJOPQ03mTNOn50P1GCENO4AXc6g3 ciVtP4QU8h51kFppY8KCoeo96lJ9IodG2v6zC0vLK6lpxvbSxubW9U97da+o4VRwaPJaxavtMgxQRNFCghHa igIW+hJY/vJz4rUdQWsTRPY4ScEPWj0QgOEMjPXSvQCKj11526zljr1yxq/YUdJE4OamQHHWv/N3txTwNIUI umdYdx07QzZhCwSWMS91UQ8L4kPWhY2jEQtBuNv16TI+M0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJD wLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP+UD5hiHE15JVOMM1/DImmeVB276tydVmoXeUVFckAO yTFxyBmpkRtSJw3CiSLP5IW8Wk/Wm/VufcxWC1Z+s0/+wPr8ARNNmkQ=</latexit><latexit sha1_base64="C8PwQUJO6MRDda7dE/0yy jnVJnc=">AAACCXicbVBLSgNBFOyJvxh/UZduGoPgKsyIoO4CKrgRIpgPJOPQ03mTNOn50P1GCENO4AXc6g3 ciVtP4QU8h51kFppY8KCoeo96lJ9IodG2v6zC0vLK6lpxvbSxubW9U97da+o4VRwaPJaxavtMgxQRNFCghHa igIW+hJY/vJz4rUdQWsTRPY4ScEPWj0QgOEMjPXSvQCKj11526zljr1yxq/YUdJE4OamQHHWv/N3txTwNIUI umdYdx07QzZhCwSWMS91UQ8L4kPWhY2jEQtBuNv16TI+M0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJD wLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP+UD5hiHE15JVOMM1/DImmeVB276tydVmoXeUVFckAO yTFxyBmpkRtSJw3CiSLP5IW8Wk/Wm/VufcxWC1Z+s0/+wPr8ARNNmkQ=</latexit>
 EM2
<latexit sha1_base64="PT563TDSKIKEnxHaTI+UQz73ZIo=">AAACCXicbVBLSgNBFOzxG+Mv6tJNYxBch ZkgqLuACm6ECOYDyTj0dN4kTXo+dL8RwpATeAG3egN34tZTeAHPYSeZhSYWPCiq3qMe5SdSaLTtL2tpeWV1bb2wUdzc2t7ZLe3tN3WcKg4NHstYtX2mQYoIGihQQjtRwEJfQssfXk781iMoLeLoHkcJuCHrRyIQnKGRHrpXI JHRay+79apjr1S2K/YUdJE4OSmTHHWv9N3txTwNIUIumdYdx07QzZhCwSWMi91UQ8L4kPWhY2jEQtBuNv16TI+N0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJDwLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP +UD5hiHE15RVOMM1/DImlWK45dce5Oy7WLvKICOSRH5IQ45IzUyA2pkwbhRJFn8kJerSfrzXq3PmarS1Z+c0D+wPr8ARTmmkU=</latexit><latexit sha1_base64="PT563TDSKIKEnxHaTI+UQz73ZIo=">AAACCXicbVBLSgNBFOzxG+Mv6tJNYxBch ZkgqLuACm6ECOYDyTj0dN4kTXo+dL8RwpATeAG3egN34tZTeAHPYSeZhSYWPCiq3qMe5SdSaLTtL2tpeWV1bb2wUdzc2t7ZLe3tN3WcKg4NHstYtX2mQYoIGihQQjtRwEJfQssfXk781iMoLeLoHkcJuCHrRyIQnKGRHrpXI JHRay+79apjr1S2K/YUdJE4OSmTHHWv9N3txTwNIUIumdYdx07QzZhCwSWMi91UQ8L4kPWhY2jEQtBuNv16TI+N0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJDwLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP +UD5hiHE15RVOMM1/DImlWK45dce5Oy7WLvKICOSRH5IQ45IzUyA2pkwbhRJFn8kJerSfrzXq3PmarS1Z+c0D+wPr8ARTmmkU=</latexit><latexit sha1_base64="PT563TDSKIKEnxHaTI+UQz73ZIo=">AAACCXicbVBLSgNBFOzxG+Mv6tJNYxBch ZkgqLuACm6ECOYDyTj0dN4kTXo+dL8RwpATeAG3egN34tZTeAHPYSeZhSYWPCiq3qMe5SdSaLTtL2tpeWV1bb2wUdzc2t7ZLe3tN3WcKg4NHstYtX2mQYoIGihQQjtRwEJfQssfXk781iMoLeLoHkcJuCHrRyIQnKGRHrpXI JHRay+79apjr1S2K/YUdJE4OSmTHHWv9N3txTwNIUIumdYdx07QzZhCwSWMi91UQ8L4kPWhY2jEQtBuNv16TI+N0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJDwLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP +UD5hiHE15RVOMM1/DImlWK45dce5Oy7WLvKICOSRH5IQ45IzUyA2pkwbhRJFn8kJerSfrzXq3PmarS1Z+c0D+wPr8ARTmmkU=</latexit><latexit sha1_base64="PT563TDSKIKEnxHaTI+UQz73ZIo=">AAACCXicbVBLSgNBFOzxG+Mv6tJNYxBch ZkgqLuACm6ECOYDyTj0dN4kTXo+dL8RwpATeAG3egN34tZTeAHPYSeZhSYWPCiq3qMe5SdSaLTtL2tpeWV1bb2wUdzc2t7ZLe3tN3WcKg4NHstYtX2mQYoIGihQQjtRwEJfQssfXk781iMoLeLoHkcJuCHrRyIQnKGRHrpXI JHRay+79apjr1S2K/YUdJE4OSmTHHWv9N3txTwNIUIumdYdx07QzZhCwSWMi91UQ8L4kPWhY2jEQtBuNv16TI+N0qNBrMxESKfq74uMhVqPQt9shgwHet6biP96vmJDwLl0DM7dTERJihDxWXiQSooxndRCe0IBRzkyhHElzP +UD5hiHE15RVOMM1/DImlWK45dce5Oy7WLvKICOSRH5IQ45IzUyA2pkwbhRJFn8kJerSfrzXq3PmarS1Z+c0D+wPr8ARTmmkU=</latexit>
 Eevo(ti)
<latexit sha1_base64=" osHzY2PadIeU6/pEnbUhcUI034Y=">AAACEHicbVBL SgNBFOyJvxh/o1m6aQxC3IQZEdRdQAWXEcwHkjD0dF 6SJj0fut8EwpBLeAG3egN34tYbeAHPYSeZhSYWPCiq 3qMe5cdSaHScLyu3tr6xuZXfLuzs7u0f2IdHDR0lik OdRzJSLZ9pkCKEOgqU0IoVsMCX0PRHNzO/OQalRRQ+ 4iSGbsAGoegLztBInl3s3IJERu+8FMbRtIyeOPPskl Nx5qCrxM1IiWSoefZ3pxfxJIAQuWRat10nxm7KFAou YVroJBpixkdsAG1DQxaA7qbz56f01Cg92o+UmRDpXP1 9kbJA60ngm82A4VAvezPxX89XbAS4lI79q24qwjhBC PkivJ9IihGdtUN7QgFHOTGEcSXM/5QPmWIcTYcFU4y 7XMMqaZxXXKfiPlyUqtdZRXlyTE5ImbjkklTJPamRO uFkQp7JC3m1nqw36936WKzmrOymSP7A+vwBjFecoQ= =</latexit><latexit sha1_base64=" osHzY2PadIeU6/pEnbUhcUI034Y=">AAACEHicbVBL SgNBFOyJvxh/o1m6aQxC3IQZEdRdQAWXEcwHkjD0dF 6SJj0fut8EwpBLeAG3egN34tYbeAHPYSeZhSYWPCiq 3qMe5cdSaHScLyu3tr6xuZXfLuzs7u0f2IdHDR0lik OdRzJSLZ9pkCKEOgqU0IoVsMCX0PRHNzO/OQalRRQ+ 4iSGbsAGoegLztBInl3s3IJERu+8FMbRtIyeOPPskl Nx5qCrxM1IiWSoefZ3pxfxJIAQuWRat10nxm7KFAou YVroJBpixkdsAG1DQxaA7qbz56f01Cg92o+UmRDpXP1 9kbJA60ngm82A4VAvezPxX89XbAS4lI79q24qwjhBC PkivJ9IihGdtUN7QgFHOTGEcSXM/5QPmWIcTYcFU4y 7XMMqaZxXXKfiPlyUqtdZRXlyTE5ImbjkklTJPamRO uFkQp7JC3m1nqw36936WKzmrOymSP7A+vwBjFecoQ= =</latexit><latexit sha1_base64=" osHzY2PadIeU6/pEnbUhcUI034Y=">AAACEHicbVBL SgNBFOyJvxh/o1m6aQxC3IQZEdRdQAWXEcwHkjD0dF 6SJj0fut8EwpBLeAG3egN34tYbeAHPYSeZhSYWPCiq 3qMe5cdSaHScLyu3tr6xuZXfLuzs7u0f2IdHDR0lik OdRzJSLZ9pkCKEOgqU0IoVsMCX0PRHNzO/OQalRRQ+ 4iSGbsAGoegLztBInl3s3IJERu+8FMbRtIyeOPPskl Nx5qCrxM1IiWSoefZ3pxfxJIAQuWRat10nxm7KFAou YVroJBpixkdsAG1DQxaA7qbz56f01Cg92o+UmRDpXP1 9kbJA60ngm82A4VAvezPxX89XbAS4lI79q24qwjhBC PkivJ9IihGdtUN7QgFHOTGEcSXM/5QPmWIcTYcFU4y 7XMMqaZxXXKfiPlyUqtdZRXlyTE5ImbjkklTJPamRO uFkQp7JC3m1nqw36936WKzmrOymSP7A+vwBjFecoQ= =</latexit><latexit sha1_base64=" osHzY2PadIeU6/pEnbUhcUI034Y=">AAACEHicbVBL SgNBFOyJvxh/o1m6aQxC3IQZEdRdQAWXEcwHkjD0dF 6SJj0fut8EwpBLeAG3egN34tYbeAHPYSeZhSYWPCiq 3qMe5cdSaHScLyu3tr6xuZXfLuzs7u0f2IdHDR0lik OdRzJSLZ9pkCKEOgqU0IoVsMCX0PRHNzO/OQalRRQ+ 4iSGbsAGoegLztBInl3s3IJERu+8FMbRtIyeOPPskl Nx5qCrxM1IiWSoefZ3pxfxJIAQuWRat10nxm7KFAou YVroJBpixkdsAG1DQxaA7qbz56f01Cg92o+UmRDpXP1 9kbJA60ngm82A4VAvezPxX89XbAS4lI79q24qwjhBC PkivJ9IihGdtUN7QgFHOTGEcSXM/5QPmWIcTYcFU4y 7XMMqaZxXXKfiPlyUqtdZRXlyTE5ImbjkklTJPamRO uFkQp7JC3m1nqw36936WKzmrOymSP7A+vwBjFecoQ= =</latexit>
 Eevo(ti ! tj)
<latexit sha1_base64="EmZahEzLrRg6oEe+4xXe/ huJw/o=">AAACIHicbVBLSgNBFOzxb/xFXbppDIJuwowI6k5QwaWCSQQThjedl6RNz/TQ/UYJQw7gNbyAW72 BO3GpB/AcdmIWGi1oKKrq8V5XlCppyfffvYnJqemZ2bn5wsLi0vJKcXWtanVmBFaEVtpcRWBRyQQrJEnhVWo Q4khhLeoeD/zaLRordXJJvRQbMbQT2ZICyElhsVQ/QUXAT8Mcb3V/m0LJ60a2OwTG6DtO4c2OS/llfwj+lwQ jUmIjnIfFz3pTiyzGhIQCa68DP6VGDoakUNgv1DOLKYgutPHa0QRitI18+Jk+33JKk7e0cS8hPlR/TuQQW9uL I5eMgTp23BuI/3qRgS7S2HZqHTRymaQZYSK+l7cyxUnzQVu8KQ0KUj1HQBjp7ueiAwYEuU4LrphgvIa/pLpb DvxycLFXOjocVTTHNtgm22YB22dH7IydswoT7J49sif27D14L96r9/YdnfBGM+vsF7yPL0W7o2M=</latexi t><latexit sha1_base64="EmZahEzLrRg6oEe+4xXe/ huJw/o=">AAACIHicbVBLSgNBFOzxb/xFXbppDIJuwowI6k5QwaWCSQQThjedl6RNz/TQ/UYJQw7gNbyAW72 BO3GpB/AcdmIWGi1oKKrq8V5XlCppyfffvYnJqemZ2bn5wsLi0vJKcXWtanVmBFaEVtpcRWBRyQQrJEnhVWo Q4khhLeoeD/zaLRordXJJvRQbMbQT2ZICyElhsVQ/QUXAT8Mcb3V/m0LJ60a2OwTG6DtO4c2OS/llfwj+lwQ jUmIjnIfFz3pTiyzGhIQCa68DP6VGDoakUNgv1DOLKYgutPHa0QRitI18+Jk+33JKk7e0cS8hPlR/TuQQW9uL I5eMgTp23BuI/3qRgS7S2HZqHTRymaQZYSK+l7cyxUnzQVu8KQ0KUj1HQBjp7ueiAwYEuU4LrphgvIa/pLpb DvxycLFXOjocVTTHNtgm22YB22dH7IydswoT7J49sif27D14L96r9/YdnfBGM+vsF7yPL0W7o2M=</latexi t><latexit sha1_base64="EmZahEzLrRg6oEe+4xXe/ huJw/o=">AAACIHicbVBLSgNBFOzxb/xFXbppDIJuwowI6k5QwaWCSQQThjedl6RNz/TQ/UYJQw7gNbyAW72 BO3GpB/AcdmIWGi1oKKrq8V5XlCppyfffvYnJqemZ2bn5wsLi0vJKcXWtanVmBFaEVtpcRWBRyQQrJEnhVWo Q4khhLeoeD/zaLRordXJJvRQbMbQT2ZICyElhsVQ/QUXAT8Mcb3V/m0LJ60a2OwTG6DtO4c2OS/llfwj+lwQ jUmIjnIfFz3pTiyzGhIQCa68DP6VGDoakUNgv1DOLKYgutPHa0QRitI18+Jk+33JKk7e0cS8hPlR/TuQQW9uL I5eMgTp23BuI/3qRgS7S2HZqHTRymaQZYSK+l7cyxUnzQVu8KQ0KUj1HQBjp7ueiAwYEuU4LrphgvIa/pLpb DvxycLFXOjocVTTHNtgm22YB22dH7IydswoT7J49sif27D14L96r9/YdnfBGM+vsF7yPL0W7o2M=</latexi t><latexit sha1_base64="EmZahEzLrRg6oEe+4xXe/ huJw/o=">AAACIHicbVBLSgNBFOzxb/xFXbppDIJuwowI6k5QwaWCSQQThjedl6RNz/TQ/UYJQw7gNbyAW72 BO3GpB/AcdmIWGi1oKKrq8V5XlCppyfffvYnJqemZ2bn5wsLi0vJKcXWtanVmBFaEVtpcRWBRyQQrJEnhVWo Q4khhLeoeD/zaLRordXJJvRQbMbQT2ZICyElhsVQ/QUXAT8Mcb3V/m0LJ60a2OwTG6DtO4c2OS/llfwj+lwQ jUmIjnIfFz3pTiyzGhIQCa68DP6VGDoakUNgv1DOLKYgutPHa0QRitI18+Jk+33JKk7e0cS8hPlR/TuQQW9uL I5eMgTp23BuI/3qRgS7S2HZqHTRymaQZYSK+l7cyxUnzQVu8KQ0KUj1HQBjp7ueiAwYEuU4LrphgvIa/pLpb DvxycLFXOjocVTTHNtgm22YB22dH7IydswoT7J49sif27D14L96r9/YdnfBGM+vsF7yPL0W7o2M=</latexi t>
FIG. 1. (Color online.) Schematic diagram for obtaining the energy
change or energy cost, denoted by ∆Eij , corresponding to the cor-
relation function Cij .
are in bases which are at an angle pi/4 to each other. When
the evolution starts from an arbitrary single qubit pure state,
we obtain the following results: In case (i), the violation de-
creases monotonically with noise parameter without showing
any decrement/shrinking in the violating region compared to
the noiseless case in the parameter space of the initial state
and the energy cost. In contrast, in the second situation, the
system in terms of violation of LGI shows much more robust-
ness against noise than the first case, although the region of
violation reduces with the increase of noise. Just like in the
noiseless scenario, we prove that in both the cases (i) and (ii),
maximum violation of LGI occurs when the change in energy
is equal to the negative of the average energy of the initial
state. The third scenario is the intermediate case of (i) and
(ii). Interestingly however, here, the maximum violation of
LGI gets shifted with increasing noise parameter, which is not
seen in situations (i) and (ii). This is true in general when
the Hamiltonian and the dephasing operator are not diagonal
in the same basis or in complementary bases. Qualitatively
similar characteristics are observed for mixed states.
The paper is organized in the following way. In Sec. II,
we discuss the formalism of calculating energy cost for an
LG test. In Sec. III, we provide the condition on energy for
obtaining maximal violation of LGI in the noiseless scenario.
The effects of dephasing on energy cost and violation of LGI
are discussed in Sec. IV. We end with concluding comments
in Sec. V.
II. DEFINITIONS AND FORMALISM
According to the postulate of quantum mechanics, a sys-
tem, initially in a pure or mixed state, evolves with time un-
der certain Hamiltonian. We consider series of measurements
performed on the same initial state evolving under that Hamil-
tonian in such a way that in the first series, a dichotomic ob-
servable Q, which can take values +1 or −1, is measured at
times t1 and t2, in the second at t2 and t3, in the third at t1 and
t3 (with t1 < t2 < t3). From such series of measurements,
one obtains joint probabilities of obtaining the outcome, qi at
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FIG. 2. (Color online.) Violation of canonical LGI, Kopt3 , for the
initial pure states, |ψ(α)〉 = α |0〉 + √1− α2 |1〉, as a function of
α and δ/J . This is a noiseless scenario. The region bounded by the
(red) dash-dot lines is physically accessible one, where solutions for
energy constraint can exist. Yellow dashed line shows the maximum
value of Kopt3 . All quantities plotted are dimensionless.
time ti and qj at time tj , denoted by P (qi, qj). The two-time
correlation function is then defined as
Cij =
∑
qi,qj=±1
qiqjP (qi, qj), (1)
which can be evaluated from the joint probability P (qi, qj).
The three-termed Leggett-Garg inequality then reads as [5]
K3 ≡ C12 + C23 − C13 ≤ 1, (2)
which is derived with the assumptions of macroscopic realism
and noninvasive measurability. Let us discuss briefly these
two assumptions – macroscopic realism (MR): at any instant,
irrespective of measurement, a system is in any one of the
available definite states such that all its observable properties
have definite values; noninvasive measurability (NIM) states
that it is possible, in principle, to determine which of the states
the system is in, without affecting the state itself or the sys-
tem’s subsequent evolution. It can be shown that quantum
mechanical systems are incompatible with macrorealistic the-
ories, consisting of MR and NIM, and can violate the K3 in-
equality mentioned in (2). For example, a two-level system
violates the inequality and the maximum achievable value of
the K3-quantity in two dimension is 1.5 (for detailed review,
see [6]).
It is noteworthy to mention here that the general form of the
usual LGI involving n pairs of two-time correlation functions
can be expressed as [6]
−n ≤ Kn ≤ n− 2 for odd n ≥ 3,
−(n− 2) ≤ Kn ≤ n− 2 for even n ≥ 4, (3)
where Kn = C12 + C23 + C34 + ..... + C(n−1)n − C1n. It
has been shown that the maximum quantum mechanical value
of Kn for projective measurements can be n cos(pi/n) [6].
In the subsequent discussions, we adhere to the three-termed
LGI (Eq. (2)).
3Let us investigate the energetics associated with the process
contingent to temporal correlations involved in K3. In an ex-
perimental scenario, the method of obtaining correlation func-
tions inevitably change the energy of the underlying quantum
system due to sequential measurements and evolution. For ex-
ample, in case of acquiring Cij , the change in energy, ∆Eij
occurs in the following steps (see Fig. 1 for the schematic
diagram):
1. The change in energy during the evolution from t = 0
to t = ti is ∆Eevo(ti).
2. Measurement at ti costs energy, hence the difference in
energy before and after the measurements is given by
∆EM1 .
3. ∆Eevo(ti → tj) denotes the change of energy due to
the evolution from ti to tj .
4. Like step 2, ∆EM2 denotes the energy cost for mea-
surement at tj .
Therefore, the average change in energy (or, the energy cost)
involved in the entire process of finding the Leggett-Garg ex-
pression, K3, can be represented as ∆E = (∆E12 + ∆E23 +
∆E13)/3, where each ∆Eij = ∆Eevo(ti)+
∑
i=1,2 ∆EMi +
∆Eevo(ti → tj). In the subsequent analysis, without loss of
generality, we consider t1 = 0 and t2− t1 = t3− t2 = ∆t. In
this paper, we are interested in the optimal amount of viola-
tion of LGI, i.e., the maximal value of K3 for a given energy
cost, ∆E. For this, we restrict our analysis to two-level sys-
tems only. Since we take sequential measurements involved
in the process as arbitrary, we choose, without loss of gen-
erality, an underlying Hamiltonian as H = Jσz , responsible
for the time evolution of the system, with J being the unit
of energy, and σi (i = x, y, or z) is the Pauli Matrix. Note
that the energy considered here is the the average energy of
any state ρ with respect to the underlying Hamiltonian H ,
given by 〈E〉ρ = tr(Hρ). Moreover measurement of a di-
chotomic observable, {Qθ,φ}, is equivalent to measurement
of spin component along a direction determined by θ and φ,
and hence
Qθ,φ = |µ(θ, φ)〉 〈µ(θ, φ)| − |µ⊥(θ, φ)〉 〈µ⊥(θ, φ)| , (4)
where
|µ(θ, φ)〉 = cos θ
2
|0〉+ eiφ sin θ
2
|1〉 ,
|µ⊥(θ, φ)〉 = sin θ
2
|0〉 − eiφ cos θ
2
|1〉 . (5)
Here, θ ∈ [0, pi), φ ∈ [0, 2pi), and {|0〉 , |1〉} are the eigen-
states of the Hamiltonian with energies J and−J respectively.
III. PURE COHERENT DYNAMICS
Let us first consider a coherent dynamics, i.e., the evolution
is without any environmental noise. Such dynamics can be
described by the unitary operator, U(t) = exp(−iHt/~) =
exp(−iJσzt/~). The LG expression under this setting takes
the form as
K3 = 1− 2 sin2 θ
[
2 sin2(J∆t/~)− sin2(2J∆t/~)], (6)
which is independent of the initial quantum state, ρ, and the
azimuthal angle φ. We find that the maximum of K3, 1.5,
for the qubit system occurs when the measurement is done in
the complimentary basis to the eigenbasis of the Hamiltonian,
i.e., for θ = pi/2 and φ arbitrary. The changes in energy for
obtaining the correlation functions C12, C23, and C13 in K3
are respectively given by
∆E12 = (p1 − p2)(cos2 θ + sin2 θ cos(2J∆t/~)) cos θ − tr(Hρ),
∆E23 = (p
′
1 − p′2)(cos2 θ + sin2 θ cos(2J∆t/~)) cos θ − tr(Hρ),
∆E13 = (p1 − p2)(cos2 θ + sin2 θ cos(4J∆t/~)) cos θ − tr(Hρ), (7)
where
p1 = 〈µ(θ, φ)| ρ |µ(θ, φ)〉 , p2 = 〈µ⊥(θ, φ)| ρ |µ⊥(θ, φ)〉 ,
p′1 = 〈µ(θ, φ)|U(∆t)ρU†(∆t) |µ(θ, φ)〉 ,
p′2 = 〈µ⊥(θ, φ)|U(∆t)ρU†(∆t) |µ⊥(θ, φ)〉 , (8)
with ρ being the initial state. As mentioned earlier, our aim
is to find the optimal violation of LGI for a given energy
cost. Therefore, we evaluate the maximum of K3, denoted by
K
opt
3 , where the maximization is over measurement parame-
ters and time interval, ∆t, for a given change in the energy,
∆E = δ, with δ being a fixed value, which is chosen ac-
cording to the relevance of the problem. Hence optimization
problem can be represented as
K
opt
3 = max
θ,φ,∆t
K3,
s.t. ∆E(θ, φ,∆t) = δ. (9)
We callKopt3 as canonical LG quantity. Before presenting the
results for arbitrary states, let us calculate Kopt3 for arbitrary
pure states of the form,
|ψ(α)〉 = α |0〉+
√
1− α2 |1〉 , (10)
where α ∈ [0, 1]. For a particular pure state and for a given
energy cost, we find the measurement setting which leads to
the maximal violation of LGI. In Fig. 2, we plot Kopt3 as
a function of given energy cost δ and the state-parameter α,
when evolution is governed by the Hamiltonian H = Jσz .
In this scenario, we get solutions for the energy-constraint,
∆E(θ, φ,∆t) = δ, only if
δ/J ≤ 1− α2,
δ/J ≥ −α2. (11)
In Fig. 2, the region bounded by the (red) dash-dot lines is
physically accessible in the (α, δ/J)-plane. For a given initial
pure state |ψ(α)〉, Kopt3 attains its maximum value, 1.5, when
δ/J = 1− 2α2, (12)
which corresponds to δ = −〈ψ(α)|H |ψ(α)〉, and is depicted
in the figure by the (yellow) dashed line. Interestingly, we no-
tice here that although LGI, in general, does not depend on the
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FIG. 3. (Color online.) The plot of canonical LG expression, Kopt3 , for the initial pure states, |ψ(α)〉 = α |0〉 +
√
1− α2 |1〉, as a function
of α and δ/J . The Hamiltonian and the dephasing operator are diagonal in the same basis. Other descriptions are same as in Fig. 2. All
quantities plotted are dimensionless.
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FIG. 4. (Color online.) Kopt3 against α and δ/J for the same initial pure states as in Fig. 3. Here the Hamiltonian and the dephasing operator
are diagonal in the complementary bases. Other descriptions are same as in Fig. 2. All quantities plotted are dimensionless.
initial state, the violation of LGI under energy constraint does
depend on the choice of the initial state. With this observation
in hand, let us now state the theorem for arbitrary states in two
dimension.
Theorem 1. In a noiseless scenario, i.e., under pure coher-
ent dynamics, violation of canonical Leggett-Garg inequality
reaches its maximum possible value if and only if the change
in energy, δ, coincides with the negative value of the initial
average energy of the underlying state, ρ, i.e., Kopt3 = 1.5 if
and only if δ = −tr(ρH).
Proof.
We first observe that the K3, given by Eq. (6), attains its max-
imum possible value, 1.5, when θ = pi/2, φ arbitrary, and
∆t = t˜ ≈ 1.9635. Clearly, from Eqs. (7), we get that ∆E
reduces to −tr(ρH), when θ = pi/2.
Conversely, given ∆E = δ = −tr(ρH), we have to opti-
mize K3 with respect to θ, φ,∆t. We notice that one of the
possible solutions of ∆E(θ, φ,∆t) = δ = −tr(ρH) occurs
for θ = pi/2. For θ = pi/2, it is evident from Eq. (6) that
K
opt
3 = max
φ,∆t
K3 = 1.5. 
Therefore, the maximal violation of canonical LGI is depen-
dent on the choice of the initial state, both pure and mixed.
We will see that such dependency still remains in presence of
noise in the system. We now state one immediate corollary of
the above theorem.
Corollary 1. For the well-known states, |±〉 = (|0〉 ±
|1〉)/√2, |±y〉 = (|0〉 ± i |1〉)/
√
2, and ρ = I2/2, there is no
energy cost for obtaining the maximal violation of the Leggett-
Garg inequality.
IV. DYNAMICS WITH DEPHASING NOISE
In this section, we consider situations when the initial
(qubit) state undergoes a evolution affected by Markovian de-
phasing noise. The evolution can no more be described by the
unitary operator as discussed in the preceding section. In this
case, the evolution of the system is governed by a Lindblad
master equation, given by
dρ
dt
= − i
}
[H, ρ] + V ρV † − 1
2
(V †V ρ+ ρV V †), (13)
where H = Jσz , as in the preceding section and V is the
dephasing operator, responsible for decoherence. With this
kind of evolution, we now study the violation of LGI for a
fixed value of the energy cost obtained in the process of the
evaluation of the LG expression. In this situation, we choose
V in three different ways – (1) when the Hamiltonian and the
dephasing noise are diagonal in the same basis, (2) when H
and V are diagonal in complementary bases, and (3) when H
and V are diagonal in bases which are at an angle pi/4 to each
other.
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FIG. 5. (Color online.) Plot of Kopt3 , for the initial states
1
2
(I + mzσz) with respect to mz and δ/J . Other descriptions are same as Fig. 4.
All quantities plotted are dimensionless.
A. Hamiltonian and dephasing operator are diagonal in same
basis
Let us consider the first case, where both the Hamiltonian
and the dephasing operator are diagonal in the same basis, i.e.,
H = Jσz, V =
√
γ
2
σz. (14)
Here γ ≥ 0 is the dephasing parameter which controls the
amount of noise acting on the system, and is in the unit of
[time−1]. Let us take the initial state as
ρ(0) =
1
2
(I+mx(0)σx +my(0)σy +mz(0)σz), (15)
with mi ∈ [0, 1], i = x, y, z. Note that mi’s can take only
those values for which ρ remains positive. After time t, it
evolves to a state with magnetizations given by
mx(t) = e
−γt[mx(0) cos(2J~ t)−my(0) sin(2J~ t)],
my(t) = e
−γt[my(0) cos(2J~ t) +mx(0) sin(2J~ t)],
mz(t) = mz(0). (16)
The LG expression, K3, for such evolution, then reads as
K3 = cos
2(θ) + e−2γ∆t(2eγ∆t cos(J∆t/~)
− cos(2J∆t/~)) sin2(θ), (17)
which is independent of the initial state ρ. For a given deco-
herence parameter γ, we again study the optimal violation of
LGI, as measured by the canonical LG quantity Kopt3 , for the
energy constraint, ∆E(θ, φ,∆t) = δ. Similar to the Theorem
1, we have the following theorem for this noisy scenario.
Theorem 2. Violation of canonical Leggett-Garg inequality
attains its maximum possible value if and only if the change
in energy, δ, is equal to the negative of the average energy
of the initial state, when the Hamiltonian and the dephasing
operator are diagonal in the same basis.
Proof.
First of all, we notice that, for a fixed γ, K3, given in Eq.
(17), attains its maximum possible value when θ = pi/2 and
∆t = t˜, where t˜ is the solution of ∂K3∂∆t = 0. The changes
in the energy for obtaining C12, C23, and C13 in this case are
given by
∆E12 = (p1 − p2)(cos2 θ + e−∆tγ sin2 θ cos( 2J∆t~ )) cos θ − tr(Hρ),
∆E23 = (p
′
1 − p′2)(cos2 θ + e−∆tγ sin2 θ cos(
2J∆t
~
)) cos θ − tr(Hρ),
∆E13 = (p1 − p2)(cos2 θ + e−2∆tγ sin2 θ cos( 4J∆t~ )) cos θ − tr(Hρ),
(18)
where
p1 = 〈µ(θ, φ)| ρ(0) |µ(θ, φ)〉 , p2 = 〈µ⊥(θ, φ)| ρ(0) |µ⊥(θ, φ)〉 ,
p′1 = 〈µ(θ, φ)| ρ(∆t) |µ(θ, φ)〉 , p′2 = 〈µ⊥(θ, φ)| ρ(∆t) |µ⊥(θ, φ)〉 .
(19)
Clearly, ∆E reduces to −tr(ρH), when θ = pi/2.
Now to show the ‘if’ part, we have to maximize K3 with
respect to θ, φ,∆t, for a fixed ∆E = δ = −tr(ρH). As
before, one of the possible solutions of ∆E(θ, φ,∆t) = δ =
−tr(ρH) occurs when θ = pi/2. For θ = pi/2, K3 indeed
reaches its maximum value for ∆t = t˜. 
In Fig. 3, we map the quantity Kopt3 in the (α, δ/J)-plane
for pure states, |ψ(α)〉 = α |0〉+√1− α2 |1〉, for four differ-
ent values of ~γ/J , namely 0.1, 0.5, 1.0, and 1.5. From the
figure, we obtain the following observations:
1. The amount of violation of canonical LGI decreases
rapidly with the increase of noise parameter γ.
2. The region of violation of LGI in the (α, δ/J)-plane re-
mains same for different values γ. This implies that the
rate of decrease ofKopt3 with γ is not uniform for given
∆E = δ. Specifically, the rate of change of Kopt3 with
γ is faster for high values of Kopt3 in the noiseless case,
compared to the region having low amount of violation
of canonical LGI with γ = 0.
3. As γ increases, dependence of δ on initial state fades
out, although maximum value of Kopt3 still occurs for
δ = −tr(ρH), as stated in Theorem 2.
The situation remains unaltered if one considers mixed states
as the initial one, instead of the pure state, i.e.,Kopt3 decreases
rapidly with the noise parameter while the region of violation
does not change.
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FIG. 6. (Color online.) Canonical LG quantity, Kopt3 , as a function of α and δ/J for the same initial pure states as in Fig. 3. The Hamiltonian
and the dephasing operator are diagonal in bases which are at an angle of pi/4 to each other. Green dotted line shows the maximum value of
K
opt
3 , while the equation, δ = −tr(ρH), is depicted by the white dashed line. Other descriptions are same as in Fig. 2. All quantities plotted
are dimensionless.
S. No. H V Initial state Physically accessible region Maximum violation
line (δ = −tr(ρH))
Observations
1 Jσz
√
γ
2
σz α |0〉+
√
1− α2 |1〉 δ/J ≤ 1− α2; δ/J ≥ −α2 δ/J = 1− 2α2 1. Kopt3 decreases with increasing γ.
2. The region of violation does not change
with γ.
2 Jσz
√
γ
2
σx α |0〉+
√
1− α2 |1〉 δ/J ≤ 1− α2; δ/J ≥ −α2 δ/J = 1− 2α2 1. Kopt3 remains quite high near the δ =
−tr(ρH) line.
2. Region of violation shrinks with higher
values of γ.
3 Jσz
√
γ
2
σz (I+mxσx)/2 |δ/J | ≤ |mx|/2 δ/J = 0 1. Kopt3 decreases with increasing γ.
2. The region of violation remains same
with the variation of γ.
4 Jσz
√
γ
2
σx (I+mxσx)/2 |δ/J | ≤ |mx|/2 δ/J = 0 1. Kopt3 remains quite high near the δ =
−tr(ρH) line.
2. The region of violation does not change
with γ.
5 Jσz
√
γ
2
σz (I+mzσz)/2 Bounded by δ/J = −mz and δ/J = 0 δ/J = −mz Similar to the cases 1 and 3.
6 Jσz
√
γ
2
σx (I+mzσz)/2 Bounded by δ/J = −mz and δ/J = 0 δ/J = −mz 1. Kopt3 possesses high values in the neigh-
borhood of δ = −tr(ρH) line.
2. The region of violation shrinks.
TABLE I. Observations regarding the behaviors of Kopt3 with the noise parameter, γ, for different dephasing operators and different set of
initial states.
B. Hamiltonian and dephasing operator are diagonal in
complementary bases
Let us now move to the case where the Hamiltonian and
the dephasing operator are diagonal in a complementary bases
i.e.,
H = Jσz, V =
√
γ
2
σx. (20)
In this case, even if the initial state is in a pure state, the ex-
pressions of ∆E and K3 are mathematically involved, and
so we skip the expressions. From the expressions of K3
and ∆E, one can show that Theorem 2 also holds for such
a noisy evolution, i.e., maximum value ofKopt3 is attained for
∆E = −tr(ρH) (see Fig. 4 for pure states as the initial ones).
However, one can observe certain sharp contrast in the be-
havior compared to the previous case when H and V are in
the same basis (see Fig. 4 for three different values of deco-
herence parameter, γ, for the pure states given in Eq. (10)).
Let us discuss the disparity observed in this scenario with the
case in Sec. IV A when the initial state is in a pure state.
1. The amount of violation of canonical LGI remains quite
high even in the presence of sufficiently high amount of
noise, especially near the δ = −tr(ρH) line. Clearly,
this feature indicates that the violation of LGI is more
robust in presence of this kind of noise than the case
when the Hamiltonian and the dephasing operator are
in the same basis.
2. The region of violation in (α, δ/J)-plane decreases or
shrinks with higher values of the decoherence parame-
ter, which was not observed in the previous case.
Let us now discuss whether these features are independent of
the initial state which is the case for both noiseless and nosy
7scenarios discussed in preceding sections. Let us consider an
arbitrary mixed states, given in Eq. (15) with my = mz = 0
and mx 6= 0. We find that although the first observation for
pure states remains qualitatively same, the violating region in
the (mx, δ/J)-plane does not change with different values of
γ. The feature remains unaltered if mx = mz = 0 and my 6=
0.
Let us now choose another set of mixed states with mx =
my = 0 and mz 6= 0, i.e., ρ = (I + mzσz)/2, with mz ∈
[0, 1]. As shown in Fig. 5, in this case, the close inspection
of Kopt3 reveals that the properties of the violation of LGI
with the energy-constraint coincide with the case of the pure
state. Specifically, the region of violation shrinks with the
increase of γ. The analysis of Kopt3 with the noise parameter
is discussed in Table I in a compact way.
Remark: Two classes of mixed states are chosen in such a
way that magnetizations is non-vanishing either in the same
basis or in the complementary bases of the Hamiltonian.
We also consider initial states, where magnetizations in all
three directions are non-zero. For such initial states, the be-
haviors of Kopt3 with noise remain similar. However, the
amount of decrement of the violation region increases with
increasing mz .
C. Hamiltonian and dephasing operator are diagonal in bases
that are at an angle of pi/4 to each other
We now move to a scenario which is intermediate to the ex-
tremal cases considered in the previous two subsections, i.e.,
we now take H and V in such a way that they are diagonal
in bases which are at an angle pi/4 to each other. For this, we
choose
H = Jσz, V =
√
γ
2
(σx + σz). (21)
From the continuity argument, we can expect that for this
kind of evolution the situation and the observations regarding
the violation of canonical LGI will be somewhat in between
what we have seen in previous two sections. In Fig. 6, we
plot the canonical LG expression, Kopt3 , for the pure states
for different values of the decoherence parameters. Clearly,
in this case, the region of violation shrinks with increasing
values of γ. However, quite counter-intuitively, for this type
of evolution, Theorem 2 does not hold, which can be seen
from the figure as the maximum value ofKopt3 shifts from the
δ = −tr(ρH) line. We numerically find that this shifting of
maximum line of violation for canonical LGI occurs when H
and V are not diagonal in the same or complementary bases.
V. CONCLUSION
Nonclassicality of temporal quantum correlations pertain-
ing to non-commutative sequential measurements can be de-
fined through violation of a macrorealistic inequality, viz. the
Leggett-Garg inequalities (LGI). These inequalities were in-
vented to test the incompatibility of quantum mechanical sys-
tems with macrorealism and noninvasive measurability. Over
the last few decades, such nonclassicality was shown to be
connected with various information processing tasks.
Physical implementations of various information-theoretic
protocols are performed within a relevant energy constraint
due to the limitations in laboratories or industries. For exam-
ple, for infinite-dimensional systems, an energy constraint is
crucial in quantum communication protocols.
We investigated the optimal violation of a Leggett-Garg in-
equality under energy constraints, which we refer to as canon-
ical LGI. We proved that for an arbitrary initial state in two
dimensions, an optimal violation of the “K3 inequality”, an
LGI, reaches its maximum value when the change in the en-
ergy is the negative of the average energy of the initial quan-
tum state. We found that this feature is true both in the noise-
less scenario and in the presence of dephasing noise, when the
Hamiltonian and the dephasing operator are diagonal in the
same or in complementary bases, thereby showing the depen-
dence of a violation of LGI under energy constraint on the ini-
tial states. This dpendance of the violation on the initial state
is unlike that in the case of unconstrained energy. Moreover
we found that when the Hamiltonian and the dephasing oper-
ator are not diagonal in the same basis, the violation of LGI
near the maximum, changes slowly with the environmental
noise, showing robustness of the phenomenon, although the
region of violation shrinks for both pure and for certain mixed
states as initial ones. We observe that such shrinking of re-
gion of violation are uniform whenever the Hamiltonian and
the dephasing operator are not diagonal in the same basis.
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